CRRAO Advanced Institute of Mathematics,
Statistics and Computer Science (AIMSCS)

Research Report

STATISTICS

Author (s): M.N.Mishra & B.L.S. Prakasa Rao

Title of the Report: Local asymptotic normality and estimation
via Kalman-Bucy lter for a linear system
with signal driven by a fractional Brownian
motion and observation driven by a
Brownian motion

Research Report No.: RR2016-07

Date: Seotember 26. 2016

Prof. C R Rao Road, University of Hyderabad Campus,
Gachibowli, Hyderabad-500046, INDIA.
www.crraoaimscs.org




Local asymptotic normality and estimation via
Kalman-Bucy filter for a linear system
with signal driven by a fractional Brownian motion

and observation driven by a Brownian motion

M.N. Mishra
Institute of Mathematics and its Applications, Bhubaneswar, India

e-mail: mnmeeshraw@yahoo.com

B.L.S. Prakasa Rao
CR Rao Advanced Institute of Mathematics, Statistics
and Computer Science, Hyderabad, India

e-mail: blsprao@gmail.com

Abstract
We study the local asymptotic normality and estimation for drift parameter obtained through
Kalman-Bucy filter for a linear system when the signal is driven by a fractional Brownian

motion and the observation is driven by a Brownian motion.

Keywords: Brownian motion; Estimation of drift parameter; Fractional Brownian motion;

Innovation process; Kalman-Bucy filter; Linear systems; Optimal filtering.

2010 MS Subject Classification: Primary 62M20, 60G22, 60G35; Secondary 93E11.

1 Introduction

Suppose X = {X;,0 <t < T} and Y = {V¥;,0 < ¢t < T} are real-valued stochastic pro-
ceses, representing the signal and the observation respectively, governed by the following

homogeneous linear system of stochastic differential equations

(1. 1) dX; = 0Xydt+edVP,0<t<T Xo=um0#0,
dY; = 0Xidt+edW;,0<t<T Yy=0.

Here the processes V* = {V}* 0 < t < T} is a fractional Brownian motion with Hurst index

he[,1)and W = {W;,0 <t < T} is a standard Brownian motion independent of V" and



6 € © open in R. Suppose the component Y = {¥;,0 <t < T} is observed and the problem
is to estimate the unknown parameter 6 based on the observation Y = {¥;,0 < ¢ < T} and
study its asymptotic properties as € — 0. The system (1.1) has a unique solution (X, Y") which
is a Gaussian process . Suppose that we observe the process Y alone but would like to have
information about the process X at time t¢. This problem is known as filtering the signal X at
time ¢ from the observation of Y up to time ¢. The solution to this problem is the conditional
expectation of X; given the o-algebra generated by the process {Y;,0 < s < t}. Since the
processes (X,Y) is jointly Gaussian, the conditional expectation of X; given {Y;,0 < s <t}
is linear in {Y;,0 < s < t}. It is also the optimal filter in the sense of minimizing the mean
square error. The problem of finding the optimal filter reduces to finding the conditional
mean (0, X) = Eg(X;|Ys,0 < s < t). This problem leads to Kalman-Bucy filter if h = % Le
Breton (1998) and Kleptsyna and Le Breton (2002b) and Kleptsyna et al. (2000a,b) studied
this problem of filtering for h € (%, 1). For h = 1/2, this problem has been solved by Kutoyants
(1994). For optimal filtering for fractional stochastic systems, see Kleptsyna, Kloden and Ahn
(1998). Asymptotic properties of maximum likelihood estimator of the drift parameter for
partially observed fractional diffusion systems are investigated in Brouste and Kleptsyna
(2010). Kallianpur and Selukar (1991,1993) have studied parameter estimation and local
asymptotic normality in linear filtering for linear systems driven by Brownian motions. They
have also obtained a large deviation inequality for the maximum likelihood estimator (MLE)
of the parameter. Mishra and Prakasa Rao (2016) investigated local asymptotic normality
and estimation via Kalman-Bucy filter for linear systems when both the signal and the
observation are driven by independent fractional Brownian motions with the same Hurst
index subject to a technical condition. Our results, in the special case discussed here, do not

need any extra technical condition.

We obtain the asymptotic properties of the maximum likelihood estimator (MLE) of the
parameter 6 by studying the asymptotic properties of the log-likelihood ratio process with
index € as € — 0. We follow the techniques used by Prakasa Rao (1968), Ibragimov and Khas-
minskii (1981) and others. We prove the weak convergence of the appropriately normalized
log-likelihood ratio random process and appeal to the continuous mapping theorem to study

the asymptotic behaviour of the MLE of the parameter 6 as ¢ — 0.

We now state the main result of this paper. Let 6 denote the true parameter. Let 0.
denote the maximum likelihood estimator of # based on the observation of the process Y

over the interval [0, T satisfying the stochastic differential system defined by (1.1). Then, as



€ — 0, the random variable
R CAT)

converges in distribution to the Gaussian distribution with mean zero and variance [0(6)]

where 02(6) will be specified later.

2 Preliminaries

We now introduce some notation and some basic results. Let (2, F, (F;), P) be a stochastic
basis satisfying the usual conditions and the processes discussed in the following are (F3)-
adapted. Further the natural filtration of a process is understood as the P-completion of the
filtration generated by this process. Let W" = {W} t > 0} be a standard fractional Brownian
motion with Hurst parameter h € (0, 1), that is, a Gaussian process with continuous sample
paths such that W = 0, E(W/*) = 0 and

1
(2. 1) E(W!MwWh = i[s% + 20 —|s —t]*M],t > 0,5 > 0.

Let us consider a stochastic process J = {Jy,t > 0} governed by the stochastic integral

equation
t t

(2. 2) Ji :/ C’(s)ds—i—/ B(s)dW! t >0
0 0

where C' = {C(t),t > 0} is an (F;)-adapted process and B(t) is a non-vanishing non-random
function. For convenience, we write the above integral equation in the form of a stochastic
differential equation

(2. 3) dJ, = C(t)dt + B(t)dW], t > 0;Jy = 0
t

driven by the fractional Brownian motion W". Even though the process J is not a semi-
martingale, one can associate a semimartingale Z = {Z;,¢t > 0} which is called a fundamen-
tal semimartingale such that the natural filtration (Z;) of the process Z coincides with the

natural filtration (J;) of the process J (Kleptsyna et al. (2000a)). Define, for 0 < s < t,

(2. 4) b= 20T~ WT(h+ ).
(2. 5) kp(t,s) = k;ls%_h(t - s)%_h,
2hT'(3 —2n)'(h + &
(2. 6) = ( 3 )(+2),
I'(5—h)
(2. 7) wh = A\ 2



and ,
(2. 8) M} :/ kn(t,s)dWh t > 0.
0

The process M" is a Gaussian martingale, called the fundamental martingale and its quadratic
variation < MJ' >= w}'. Further more the natural filtration of the martingale M" coincides

with the natural filtration of the fBm W".

Suppose the sample paths of the process {%, t > 0} are smooth so that

(2. 9) Qn(t) = di{‘ /0lt /@h(t,s)gi; ds,t € [0,T]

is well-defined where the functions w” and kj(t, s) are as defined in (2.7) and (2.5) respectively
and the derivative is understood in the sense of absolute continuity. The following theorem
due to Kleptsyna et al. (2000a) associates a fundamental semimartingale Z associated with

the process J such that the natural filtration (Z;) of Z coincides with the natural filtration
(Jz) of J.

Theorem 2.1: Suppose the sample paths of the process Qp belong to L?([0,T), dw") a.s. Let
the process Z = (Z;,t € [0,T]) be defined by

(2. 10) Z, = /0 Cn(t, ) B (5)d]s.
Then the following results hold:
(i) The process Z is an (F;) -semimartingale with the decomposition
(2. 11) Z z/ot Qn(s)dwl + M}
where M™ is the fundamental martingale defined above.
(ii) the natural filtrations (Z;) and (J;) coincide.
For more details on properties of fractional diffusion processes, see Prakasa Rao (2010).

Suppose that {n;,0 <t < T} is a random process adapted to the filtration (F;) such that
Ey|nt| < oo on the underlying probability space (€2, F, P). Let m(6,7n) denote the conditional
expectation of n; given {Y;,0 < s < t} when 6 is the true parameter. Let ());) denote the
filtration generated by the process Y. Let

t
2. 12) eyt:Yt—G/ 7s(0,X)ds,0< t <T
0
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where (6, X) = Eg(X(t)|Ys,0 < s <t). The process v = {14,0 < t < T} is the innovation
type process and is a Wiener process in the present problem. Furthermore, if N = {N;,0 <
t < T} is a square integrable ();)-martingale, Ny = 0, then there exists a ()};)-adapted
process a = {ay,0 <t < T} such that

T
E(/ a?ds) < oo
0

and P-a.s .
N :/ asdrg, 0 <t <T.
0

3 Main Results

Consider the linear system described by (1.1). Let z4(8) = z0e®,0 < t < T denote the

solution of the corresponding ordinary differential equation

with z(0) = z¢ at t = 0. Suppose 6 € © open in R. It can be checked that the processes @

and 7(0, Q), as defined in Section 2, are given by the relations

Q= X0, 7(0.Q) = 'm0, )

for this problem (cf. Kleptsyna et al. (2000b), p. 129). Let

b d
€ dw}

t
/ Kp(t,r)dr.

p(t,s) =
An application of Theorem 4 of Kleptsyna et al. (2000b) to the process X shows that
t t
(0, X) = xo + 0/ 7s(0, X)ds —I—/ c(0,e,t,8)dvs,0 <t <T
0 0

for some non-random function ¢(0,¢,t,s). Following equation (6.10) in Kutoyants (1994),
p-194, the representation given above can also be expressed as a stochastic differential equa-
tion

dﬂt(e,X) = Qﬂt(e,X)dt + Hﬁzt(e)th,ﬂo(e,X) = X

where z;(0) = v:(0)e=2 and () = Ep[m (0, X) — X;]?. Let

Ji(0) = 0 — 2(0)6?



and
Mt(Q) = 02’,5(0)

Following again the derivations in obtaining the equation (6.11) in Kutoyants (1994), p.194,

we obtain that
dﬁt(O,X) = [jt(e)ﬂ't(e, X) + Jt(ﬂ)frt(Q,X)]dt + Mt(Q)th, 7?0(0, X) =0

where V (0, X) denotes the derivative of V (6, X) with respect to # in Lo-mean. Let

(3 1) Ct(G,X) :Wt(G,X)—FGTTt(G,X)
and

(3. 2) G0, ) = z0e® + 0%xpe?.
Note that

(3. 3)Eg[¢i(0, X) — (0, 2)]? < 2(Eg[(m1(0, X) — 20e?)?] + Eg[(07:(0, X) — 206%€%)?]).

Following Lemma 4.0 proved below, this inequality, in turn, implies that the random variable

¢t(0, X) converges in Lo-mean to (;(0, ) as € — 0 when 6 is the true parameter.
Fix 0 € © € R. Let
Ay = (0 + eu)m (0 + eu, X) — 0 m (0, X).

For convenience, we denote 6 + eu; = 51 and 6 + eug = Bo.

Let
T
3. 4) o2(0) = /O [G(6, 2)]2dt
and
(3. 5) Lo(u) = ug — 1u20'2(67),u €ER

2
where ¢ is a Gaussian random variable with mean zero and variance o() and the function

¢¢(0,x) is as specified in (3.2).
We now state the main result of this paper.

Theorem 3.1: Let 6 denote the true parameter. Let ée denote the maximum likelihood

estimator of 6 based on the observation of the process Y over the interval [0, 7] satisfying



the stochastic differential system defined by (1.1). Then, as ¢ — 0, the normalized random

vector

R CAY)

converges to the Gaussian distribution with mean zero and variance [02(6)] 7.

Local asymptotic normality: Let Py be the probability measure generated by the process
Y on the space C[—g, g] associated with the uniform topology when 6 is the true parameter.
Here C[—g, g] is the space of continuous real-valued functions on the interval [—g, g] where

g > 0. Equation (26) of Kleptsyna et al. (2000b) implies that, for any #; and 6 in ©,

= eXp{* / [6271'5(92, X) — 9171'5(91, X)]dys ~ 53 / [9271'5(92, X) — 917['5(91, X)] ds}.
dP91 € Jo 2¢ 0
Consider the log-likelihood ratio process
dP@—i—eu
€ =1
Le(u) =log =5

for fixed u such that 6,0 + eu € ©.

Let K denote a compact subset of © such that # € K and 8+ eu € K. Let Ck denote the
space of continuous functions defined on the compact set K. Let Ky = {u:0 € K and 6+
eu € K}.

Theorem 3.2: The family of probability measures, generated by the log-likelihood ratio ran-
dom process {L¢(u),u € Ky} on Cg, associated with the uniform norm topology is locally
asymptotically normal and converge weakly to the probability measure generated by the ran-

dom process {Lo(u),u € Ky} on Ckg, as € — 0.

From the general theory of weak convergence of probability measures on the space Ck,
associated with the uniform norm topology (cf. Billingsley (1968), Parthasarathy (1967),
Prakasa Rao (1975)), in order to prove Theorem 3.2, it is sufficient to prove that the finite
dimensional distributions of the random field {L.(u),u € Ky} converge to the correspond-
ing finite dimensional distributions of the random field {Lo(u),u € Ky} and the family of
probability measures generated by the random fields {L.(u),u € Ky} for different € is tight.

4 Proofs of Theorems 3.1 and 3.2

Before we give proofs of Theorem 3.1 and Theorem 3.2, we prove some related lemmas.



Lemma 4.0:Let 6 € ©. There exists a neighbourhood Ng = {0’ : |0’ — 0| < eu} of 6 contained
i © and a constant ¢y > 0 depending on 0 such that

(Z) sup  sup E@‘ﬂ-s(gla X) - x£(9/)|2 < Ct€2t
0'eNy 0<s<t

and

(ii) sup sup Ep|ms(0',Q) — e 10'z,(0"))* < ¢t
0'€Ng 0<s<t

Proof : An application of the Grownwall’s inequality (cf. Kutoyants (1994), Lemma 1.13)
shows that

sup sup |ms(60', X) — 25(0")| < coe sup |vs]

0'€N, 0<s<t 0<s<t
and hence
(4. 1) sup sup Ep[|ms(0', X) — x4(0) %] < cré’t.
6'eNp 0<s<t

The second inequality follows from the first inequality following the representation for

the process m(6, Q) given above.

Following the arguments in Kutoyants (1994), p.194-195, it follows that the process
{0m(0,X),0 <t <T}is Lo-differentiable with respect to 6 and

(4. 2) Eol||(6 4 eu)w(0 + eu, X) — 07(0, X) — eu C(0, X)||*] < Cetul.

Lemma 4.1: The finite dimensional distributions of the random process { L¢(u),u € Ky} con-
verge to the corresponding finite dimensional distributions of the random process {Ly(u),u €

Ky} as e — 0.

Proof: We will first investigate the convergence of the one-dimensional marginal distributions
of the random process L¢(u) as € — 0. The convergence of other classes of finite-dimensional
distributions follows from the Cramer-Wold device. From the equation (26) in Kleptsyna et
al. (2000b), it follows that

L(u) = / Aedy — / A2t
= 7/ (A — eu (0, x))dvy + — / eu (6, x)dwy
€.Jo



- Aidt
2¢2 ./0 t

= L1 +L+1I3 (say).

Note that the process {v(t),0 <t < T} is the innovation process which is a Wiener process.
Observe that

1 T
(4. 3) B(I?) =5 / Eg[Ar — eu ¢(6,2))dt = o(1)
€ Jo
as € — 0 by equations (3.1) to (3.3),(4.1) and (4.2) and hence I; = 0,(1). Note that

T
IQ = / uCt(Q,x)dl/t
0

is a Gaussian random variable with mean zero and variance fg u?[¢¢(0, z)]? dt. Furthermore

L — —2162/0TAt2dt
_ _21? OT(At —eu G0, ) + eu ¢ (0, 7)) 2dt
- - / 120 = e G0, 2)) + (eu C(0,2))? + 2(A¢ — eu (0, 2))eu (6, )]t
— _21? OT(eu (0, x))%dt + op(1).

As a consequence of the above computations, we observe that, as € — 0,
1 T

1 T
?2/0 At = = [0+ ewym(0+ eu, X) = 0m(0, X) e

T
. u2/0 16, 2))2dt + 0,(1)

and

1 /T 1 /T
- / Ay, = - / (6 + eu)mi (6 + eu, X) — 0,6, X)) du,
€Jo 0

€
T
_ u/ (0, 2)dvs + op(1)
0
= wp+op(1)

as € — 0 where 1 is a Gaussian random variable with mean zero and variance o2(6). Hence

the random variable L(u) is asymptotically Gaussian with mean —(1/2)c?(#)u? and variance
o2 (0)u?.



We have proved the convergence of the univariate distributions of the random process
{Le(u),u € Ky} as € = 0, after proper scaling. Convergence of all the other finite dimensional
distributions of the random field {L(u),u € Ky}, after proper scaling, as ¢ — 0, follows by
an application of the Cramer-Wold device. In order to prove that a sequence of k-dimensional
random vectors X,, converge in law to a k-dimensional random vector X as n — oo, it is
sufficient to prove that the sequence of random variables \'X,, converges in law to the random
variable 'X for all A\ € R¥. This is known as the Cramer-Wold technique for converting the
problem of the finite dimensional convergence to convergence of one-dimensional random
variables. Similar ideas have been applied earlier in proving the weak convergence of the
processes. See, for instance, Fokianos and Newmann (2013)). We can use this technique to
prove the convergence of the finite-dimensional distributions to complete the proof of the

lemma.

We now state two lemmas which will be used in the following computations. For proofs

of these lemmas, see Lemmas 5.2 and 5.3 in Mishra and Prakasa Rao (2014).

Lemma 4.2: Let {D;,0 <t < T} be a random process such that supg<;<r E(D}) < v < oo.
Then, for 0 <0y, <0, <T,

91 01
E([/ Dty < 61 — 9213/ E[DYdt < |01 — 0a*.
% 02

2

The next lemma gives an inequality for the 4-th moment of a stochastic integral with

respect to a martingale.

Lemma 4.3: Let the process {fi,0 < t < T} be a random process adapted to a square
integrable martingale { My, Fy,t > 0} with the quadratic variation < M >; such that

T
/ E(fHd < M >,< .
0
Then
T T
E((/ frdM)*) <36 < M >r / E(fHd < M >, .
0 0
and, in general, for 0 < 0y <07 < T,

91 91
E[([ fidM)* <36(< M >p, — <M >92)/ E[fld < M >, .
02

02

10



Lemma 4.4: Let I'(u) = exp{Lc(u)}. Then, for any R > 0, there exist a constant C > 0
such that

1 1 4
Eg |T&(ug) = Td(u1)| < Clug —ug)*, Ju;l < Ryi=1,2.

Proof : Let —R < uj,us < R for some R > 0. Let
0 = (0 4 eur)m (0 + eup, X) — (0 + eua)m (0 + eug, X)

and

0r = €(ur —u2)((0, ).

Recall the notation 6 + eu; = (1,60 + eus = B2 used earlier. Let

1t 1t
Rt:exp[4—€/0 5stS—@/O 0zds|, Rp = 1.
1

dpP i
Note that the process R; is the process (dPBl(X )) and, by the Ito formula, we have
B2

3 1
dRy = —————02Rydt + — 6, Ryduy.
e = =gy O fudt 4 g onted
Hence
Ri=1-—2> /t62Rd+1/téRd 0<s.t<T
=1— 7= sasS - sitslVs, U > S,1 >
! (32) €2 Jo ° 4e)o
Note that
1 1 4
Ep [T¢ (ug) — T& (uq)
_ dP/B2 4y 4
. T 4 . T 4

< OB, / S2Rydt| + C= Ep, / 5 Rydv;

€ 0 € 0

where C' is an absolute constant. In order to get the bounds for the expectations of the

integrals in the above inequality, we now use the Lemmas 4.2 and 4.3.

11



Let us now estimate the term

T 4
Es, / 52 Rydt
0
Note that
T 4
I = Eg / 67 Rydt
0
T
< T3 / Ep, |62 Ry|*dt
0
T
< cT3/ Eg, |62 dt
0
< I sup Eyls)]
0,0<t<T
< c®(ug —up)®.

Let us now estimate the term .
I = Eﬁ2|/0 62 Rydvy|*.

Observe that

T
I, < cw{f/ Ep,|6:Ry|*dt
0
T
< cwf / Ep, |6 Ry|*dt
0
T
< ert / Ep, |6 dt
0
< c(ug — ug)tet.

Combining the above estimates, we obtain that

sup  (ug — ug) T EG|ITY 4 (ug) — T4 (uy)|* < ¢ < o0
|ui| <R|vi| <R

which proves the tightness from the results in Prakasa Rao (1975) or Neuhaus (1971).

As a consequence of Lemma 4.4, it follows that the family of probability measures gen-
erated by the processes {Fé (u),u € Kp} on Ckg, with uniform topology is tight from the
results in Billingsley (1968) (cf. Prakasa Rao (1987)) and hence the family of probability
measures generated by the processes {L¢(u),u € Ky} on Ck, is tight.

12



Lemmas 4.1 and 4.4 together imply that that the family of probability measures gener-
ated by the processes {L¢(u,u € Ky} on Ck, converge weakly to the probability measure
generated by the processes {Lo(u),u € Ky} on Ck, from the general theory of weak con-
vergence of probability measures on complete separable metric spaces(cf. Billingsley (1968),
Parthasarathy (1967), Prakasa Rao (1987) and Ibragimov and Khasminskii (1981)). This
completes the proof of Theorem 3.2.

The following maximal inequality is proved in Lemma 5.6 in Mishra and Prakasa Rao
(2014) using the Slepian’s lemma (cf. Leadbetter et al. (1983) and Matsui and Shieh (2009)).

We will use it in the sequel.

Lemma 4.5: Let W be a fractional Brownian motion with Hurst index H. For any \ > 0,

A2T2H
E[exp{)\oriltag(T WH |} <14 AV2rT2H exp{ 5 b

We now apply Lemma 4.5 to get the following result.

Lemma 4.6: Let I'c(u) = exp{L.(u)},u € R. Then, for any compact set K C ©, and for
any 0 < p < 1, there exists a positive constant C' such that

(4. 4) sup Ep[(Te(w))?] < e €
e K

for allu € R.

Proof: Now, for any 0 < p < 1, we will now estimate Ey -(I'c(u))P. For convenience, let u € R

and v > 0 and let -
F1 E/ Atht
0

and
T
F= / AZdt.
0

Let ¢ be such that p? < ¢ < p. Then

Ey[Te(w))’] = E-fexp{ZF,

13



Let

Gy = exp{- 2;@ P}

and

Gy = exp{ L1y = S5 ).

Then

Ep[(Te(u))’] = Ep[Gr1Gy]
< (BlGY)P (BlGH]) 7

by the Holder inequality for any p; and po such that po > 1 and p% + p% = 1. Choose
Py = 1&% > 1. Then p; = q% Observe that

P2
P21 p q
EplGy’] = Eplexp{p2(TF1 — 55 12)}]
q.p q
= E 4 Pp - Lp
9[(3)(1){102(6 1= 50 5)}]
lq 1 ¢
= Bylexp{- 1R - — L B
e[exp{ep i 5}

The random variable, under the expectation sign in the last line, is the Radon-Nikodym
derivative of two probability measures which are absolutely continuous with respect to each
other by the Girsanov’s theorem for martingales. Hence the expectation is equal to one.
Hence
BTy < (B2 D py)im
= (Elexp{—e *F2}])"/P.

where v = Qq(((lp:];lz)) > 0. Let us now estimate Egle™ 2], Let

A = (04 eu)zy (0 + eu) — 0x4(0),0 < t < T.

Applying the inequality
a? > b? —2|b(a — b)],

it follows that

T _
E9[6_7672F2] < exp{—ye_g/ AZdt) x
0

14



<Efesxp(296( [ (1m0 + e @) — 0 + cu)(0 + )| +
+(7e(0, Q) — € 10x4(0)])e (0 + eu)zy (0 + eu) — Oxy(0)|dt}].

We now get an upper bound on the term under the expectation sign on the right side of the

above inequality. Observe that there exists a a constant ¢ > 0, such that,

T
/0 (7606, Q) — € *0x4(0)]? dt

IN

T
ce? [/ dt] sup |v|?
0 0<t<T

IN

ce®T sup |v?
0<t<T

for some constant ¢ > 0 possibly depending on 7" and © where {14,0 < t < T} is the

innovation Wiener process. An application of the Cauchy-Schwartz inequality implies that

T
sup [/ e (0 + ew)xi (0 + eu) — Ox(0)| |7 (0, Q) — 1024 (0")]dt])?
0,0’ ,0+eucO,0<e<eg 40

< Coe*u®T sup \I/t|2
0<t<T

for some constant Cy > 0. Hence

T
sup [/ |10 + eu)a(0 + eu) — e 10x4(0) || (0, Q) — €20 x4 (60)|dH]
0,0’ =0+ecucO,0<e<eg Y0

< C1é¥|ul sup |yl
0<t<T

for some constant C7 > 0. Therefore

T
sup Ey [exp{2ve*2(/ |76(0 + eu, Q) — ¢ 10 + eu)x(0 + eu)|
0,0+ecuc0,0<e<ep 0

+|(7(0, Q) — € "024(0))e (0 + ew)ay (0 + eu) — Oz4(0))|dt}]
< Eylexp{Cv[ul S |v1]}]

2T 2
< 1+70]u\\/27rTexp{072u}

15



for some positive constants C' and ¢ depending on 7" and the set © by Lemma 6.5. Applying

arguments similar to those in Lemma 2.4 in Kutoyants (1994), we get that

sup  Ep[lP(u)] < e @
e K,0<e<eg

for some positive constant C' > 0 depending on 1" and ©.

An application of Lemma 4.6, proved above, shows that the maximum likelihood estimator
6. will lie in a compact set K with probability tending to one as € — 0 from Theorem 5.1 in
Chapter 1, p.42 of Ibragimov and Khasminskii (1981).

We now give a proof of Theorem 3.1 stated above.

Proof of Theorem 3.1: Let C'xy denote the family of continuous functions defined on a compact
set Kin R. In view of Theorem 3.2, it follows that the family of probability measures generated
by the random processes {L¢(u),u € K},e > 0 on Ck converge weakly to the probability
measure generated by the random process {Lg(u),u € K} on Ck as € — 0. Let 4. denote
the infimum of the points of the maxima of the random field {L.(u),u € K},e > 0 on Ck.
Let ug denote the location of the maxima of the process {Lo(u),u € K} on Ck. The location
ug of the maxima is unique almost surely by the property of Gaussian random processes.
Since the random process {L.(u),u € K},e > 0 on Ck converge weakly to the random field
{Lo(u),u € K} on Ck as € — 0, by the continuous mapping theorem, it follows that the
distribution of 6, appropriately normalized converges in law to the distribution of ug by the
continuous mapping theorem (cf. Billingsley (1968)). Lemma 4.6 implies that the random
variable @ = e*]L(GA€ —0) € K with probability tending to one as € — 0. Applying arguments
similar to those in Theorem 10.1 in Chapter II, p.103 of Ibragimov and Khasminskii (1981)
(cf. Prakasa Rao (1968)), we obtain the following result. Let 6 be the true parameter. As
a consequence of the arguments and the discussion given above, it follows that the random

variable

converges in law to the distribution of the random variable ug, the location of the maximum

of the random field {Lo(u), —oo0 < u,v < 0o}, as € — 0, which is the Gaussian distribution

with mean zero and variance o 2.
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