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MAXIMAL INEQUALITIES FOR FRACTIONAL BROWNIAN
MOTION: AN OVERVIEW

B.L.S. Prakasa Rao
CR Rao Adavnced Institute of Mathematics, Statistics and Computer Science
Hyderabad 500046, India

Abstract: We give an overview of some maximal inequalities and limit theorems for the tail

probabilities for the supremum of a fractional Brownian motion.

1 Introduction

Fractional Brownian motion plays an important role in modelling long range dependence
in time series analysis. Developing methods of statistical inference for fractional diffusion
processes, that is, for processes driven by a fractional Brownian motion (fBm) is of impor-
tance and interest. Even though there is a vast amount of literature dealing with Gaussian
processes, including an excellent survey in Li and Shao (2001), we have decided to prepare
an overview of the results, especially for the case of fractional Brownian motion, for the
use of developers of statistical methods in their study of long range dependence. Maximal
inequalities and limit theorems for fBm plays an important role in such developments. For a
recent survey on mthods of statistical inference for fractional diffusion processes, see Prakasa
Rao (2010).

Let B = {BH, —o0o <t < oo} be the standard fractional Brownian motion (fBm) with

Hurst index H € (0, 1), that is, a centered Gaussian process with Bé’ =0 and
Cov(BI By = %(!t!QH + [s)?H — |t — s]*), —00 < 5,1 < 0.
It is known that the fBm B is self-similar, that is, for any ¢ > 0,
{B _o0 <t < o0} 2 {"BH, —0o <t < o0}

in the sense that the processes specified on both sides have the same finite dimensional
distributions and it has stationary Gaussian increments. For a short survey of properties of
the fBm, see Prakasa Rao (2010).

The following result is due to Ruzmaikina (2000). Let H € (3,1) and 0 < 8 < 2H — 1.



Let a function f(.) > 0 and suppose that f() € Lﬁ([o, 1]). Define

(1. 1) as(s.t) = H2H — 1) /: /: Flu)F0)u — o252 dudv.

Theorem 1.1: (Ruzmaikina (2000)) Let H € (3,1) and 0 < 8 < 2H —1. Let f be a function
such that f(.) > 0 and f(.) € Lﬁ([O, 1]). Then there exists a Gaussian Markov process
{Y (t),t > 0} with independent increments and continuous paths such that E[Y (¢)] = 0,¢ >0

and

E[Y(s)Y(8)] = q/(0,s) = H(2H — 1) /0 /0 Fu) () |u = o2 dudv,0 < s < .

Proof: Note that the function ¢¢(0, s) is non-decreasing in s since the function f is non-
negative. Furthermore it is nonnegative definite. This can be seen by the following arguments.

Let 0<s1<s9<...<spandcy,...,c, € R. Then

n

n n n

> ciciqp(0,s) = ZC?Qf((),Si) +D (2D cicy)ar(0,s:)

i=1 =1 i=1 =1 i<y
n

= D lf+2) ciclar(0,5:)
=1 1<j
n

= D [(ci+...+en)® = (cix1+ ...+ cn)ap(0, )
i=1

= (e1+...+cn)qp(0,81) + Z<CZ + o+ en)?ar(0,8i41) — q(0,5:))
=2

Hence one can construct a mean zero Gaussian process with covariance function E[Y (s)Y ()] =

q7(0,5),0 < s <t < 1. Note that, for 0 < 51 < t; < 59 < to,
E[(Y(t1) = Y(s1))(Y (t2) — Y(s2))]
= EY ()Y (t2)] - E[Y (t1)Y (s2)]
—E[Y (s1)Y (t2)] + E[Y (51)Y (s2)]

= qf(07 tl) - qf(07 tl) - qf(07 81) + Qf(oa 51)

= 0.
Hence the Gaussian process {Y (¢),¢ > 0} has uncorrelated increments. Since the increments
of the process {Y(t),t > 0} are Gaussian and they are uncorrelated, they have to be inde-

pendent. This shows that the process {Y'(¢),t > 0} is a mean zero Gaussian Markov process

with independent increments.<.



The proof given above is due to Ruzmaikina (2000). We included it here for completeness.

The process {Y (t),t > 0} described above can be represented as the deterministic time
change of the standard Brownian motion {W(t),t > 0}; in fact the process {Y(¢),t > 0}
and the process {W(qs(0,t)),t > 0} have the same probability structure. In particular, the
process {Y(t),t > 0} has continuous sample paths with probability one and it obeys the
reflection principle in the sense that

(L 2) P(sup Y(0)> ) =2 P(Y(T) 2 )

for every A > 0 and T > 0. Hence
2 _33.2/2
(1. 3) P(sup Y(t) >\ :/ —e dz.
0<t<T A a0y VT

The following result is due to Slepian (1962) and is known as the Slepian’s lemma (cf.
Kahane (1986) ; Leadbetter et al. (1983); Adler (1990)).

Theorem 1.2: (Slepian’s Lemma) Let the processes X; = {Xi(t),t > 0} and Xo =
{X5(t),t > 0} be centered Gaussian processes with E[X?(t)] = E[X2(t)] = 1. Let pi(t,s)
and pa(t, s) be the covariance functions of the processes X; and Xo respectively. Suppose
that, for some § > 0,

p1(t,s) > pa(t,s),0 <t s <6

Then

P(sup Xi(t) <u)>P(sup Xo(t) <u),ueR
0<t<T 0<t<T

for any 0 < T <.

Note that the function g¢(0,t) = t2H for the function f = 1. Theorem 1.1 implies that
there exists a centered Gaussian Markov process BH = {B{I ,0 <t < T} with independent
increments such that

Cov(BE,BE)y =" 0<s<t<T.

Furthermore the "reflection principle” holds for the process B in the sense that, for all
u>0,and T > 0,

P( sup B >u)=2P(BH >u).
0<t<T



Note that, for any u > 0, by the Slepian’s lemma,

P( sup Bff >u) < P(sup Bff >u)
0<t<T 0<t<T

and hence, for any u > 0,

(1. 4) P( sup B >u) <2 P(BH >u).
0<t<T

Observe that the random variable Bg has the Gaussian distribution with mean zero and
variance T2 . Therefore
P(BH > u) = P(Z > uT™H)

where Z is a standard Gaussian random variable. It is known that

1
P(Z >u) < 56_“2/2,
and
P(Z >u) < e/
21mu

for any u > 0 (cf. Ito and Mckean (1965), p.17; Kutoyants (1994), p.27). Applying these
inequalities, we can get the following maximal inequality for the fBm B¥ with Hurst index
H € (3,1).

Theorem 1.3: Suppose the process B is a centered fractional Brownian motion with Hurst
index H € (%, 1). Then, for any u > 0,

1 —2H, 2 1 2p—2H
P( su BH>u < 2min 76*T u/2’767uT /2 )
(Ogth pEs 6 V2ruT—H }

From the symmetry property of the fBm, it follows that

P(sup B >u) = P(- sup Bff <—u)
0<t<T 0<t<T

— i _BHy < _
P( inf (=B;") < —u)

= P( inf Bf <—u).
0<i<T

Hence, for any u > 0,

P(sup [Bff|>u) < P(sup Bff >u)
0<t<T 0<t<T



+P( inf B < —u)
o<t<T

= 2P(sup BE >u)
0<t<T

< 2P(sup B >u)
0<t<T

= 4P(BH >w),

and we have the following result.

Theorem 1.4: Suppose the process BY is the centered fractional Brownian motion with

Hurst index H € (%, 1). Then, for any u > 0,

1 —2H,,2 1 2p—2H
P( sup |B|>w) <dmin{ze T /2~ ~wTT/2y
(D§t£T| t | o ) o {2 \/%UT—H }

Note that B{f =0 a.s. and the fBm B¥ is self-similar with stationary increments. Hence

sup |Bff — BY|

sup |Bf — BY|

s<t<s+r 0<t<r
“ sup |Bf|
0<t<r
£ M sup |B/]
0<t<1
Hence, for any u > 0,
P( sup [Bf =B|>u) = P(sup |B{'|>ur")
s<t<s+r 0<t<1
< 2P(sup BE >ur ) <4 P(BI > uw™H).
0<t<1

Following the arguments used above, Muneya and Shieh (2009) obtained the following max-
imal inequalities for the fBm {B},t > 0} with B = 0.

Theorem 1.5: Let H € [%, 1). Then, for any u > 0,

2 o0
(1. 5) P( sup BH >u)< \/f/ e "2 dy
T Ju

t<s<t+1



2 o0
(1. 6) P( sup [BY|>u)< 2\/—/ e 24y,
™ Ju

t<s<t+1

Remarks : Let the process {W(¢),t > 0} be the standard Brownian motion. Without
taking recourse to Theorem 1.1, one can still obtain the inequalities, stated in Theorems
1.2 to Theorem 1.5, by observing that the scaled Brownian motion {Z(t) = W (¢*#),¢t > 0}
satisfies the conditions in the Slepian’s lemma for H € (%, 1), and the process Z obeys the

reflection principle.

Ruzmaikina (2000) obtained the following inequality for a stochastic integral with respect

to a fBm.

Theorem 1.6: (Ruzmaikina (2000)) Let H € (3,1) and 0 < 3 < 2H — 1. Suppose the
function f(.) € L>1+8)([0,1]). Define

qr(s,t) = H(2H — 1) /St /stf(u)f(v)]u — v 22 dudv.

Then, for any A > 0,

2
(1. 7) sup/f > < / \/7e_$2/2d:v
0<t<1 xr/yfa5, (01 VT
2
-|-/ \/—e_xzﬂd:v
A(=r)/y/a;_(0,1) ¥ T

where f, = L ‘ L and f-= u

Proof : This result is again a consequence of the Slepian’s lemma and the Theorem 1.1. The

following proof is due to Ruzmaikina (2000). We give the proof here for completeness. Let

- /Otf(s)dBf.

Then the process {X(t),0 <t < 1} is a centered Gaussian process with

EX(t)X(s)] =qr(s,1),0<t,s < 1.



Define the process {Y(t),0 <t < 1} to be a centered Gaussian process with
EY(t)Y(s)] = q£(0,5),0<s <t < 1.

Existence of such a process was proved in the Theorem 1.1. It is clear that E([X(¢)]?) =
E([Y(t)]?). Let us first assume that the function f > 0. Then E[X(s)X(t)] > E[Y(s)Y (¢)]
for 0 < s,t < 1. Hence the processes {X(¢),0 < ¢ < 1} and {Y(¢),0 < ¢t < 1} satisfy the
conditions in the Slepian’s lemma. Furthermore the process {Y(¢),0 <t < 1} is a Gaussian

process with independent increments and obeys the reflection principle. Hence, for any A > 0,

P(sup X(t)>X) < P(sup Y(t)>N\)
0<t<1 0<t<1

— 2P(Y(1)> )
= / \/§B_$2/2dl‘.
Ar/+/qs(0,1) V. T0

Therefore, for the function f(.) > 0,

2
(1. 8) P(sup X(t) > \) < / \/ Ze "2y,
0<t<1 M/y/ap@1) VT

Suppose f(.) € L8 ([0,1]). Let

t
Xi(0) = [ feloaBfo<e<t

and .
X_(t) = / fo(s)dBT o<t <1.
0

Define the processes {Yy(¢),0 <t <1} and {Y_(¢),0 <t < 1} by replacing the function f by
f+ and f_ respectively in the process {Y'(¢),0 < t < 1} defined earlier. Since the Slepian’s
lemma applies to the processes {X_(t),0 < ¢t < 1} and the process {Y_(t),0 <t < 1}, we
get that

2
(1. 9) P(sup X4(t)>)) < / \/76962/261.%'.
0<t<1 Ar/yfap, (01 VT
and
2
(1. 10) P(sup X_(t) > \) S/ \/—e_x2/2d:):.
0<t<1 /g VT
Therefore, for any 0 < r <1,
(L 11) P(sup X(5)>X) = P(sup (X4(t)+ sup (—X_(£)) > N)
0<t<1 0<t<1 0<t<1



< P(Oiggl X4(t) = Ar) + P(Os#gl(—X—@) > A(1—=r))

/ \/5612/2d1‘
AT/ /th((),l) ™

+/ \/§6_12/de.
AM1=r)/\/ar_(0,1) ¥ T

IN

2 Maximal Inequalities Leading to Upper Bounds

Novikov and Valkeila (1999) obtained some maximal inequalities for fractional Brownian
motion. They extend the Burkholder-Davis-Gundy inequalities for the fractional Brownian
motion. Let F = {F;, ¢t > 0} be the filtration generated by the fractional Brownian motion
BH . For any process X, let X* be the supremum process defined by

X = sup |Xl.
0<s<t

Since the fractional Brownian motion is a self-similar process, it follows that

(B o<t<T}2{H"BF 0<t<T}

ct»

and hence
«H A HpxH
B =c¢' B

for any ¢ > 0. The following result is an easy consequence of the self-similarity of the fractional

Brownian motion B.

Theorem 2.1: (Novikov and Valkeila (1999)) For any 7" > 0 and p > 0,
(2. 1) B(Bi")’] = K(H,p)T""
where K(H,p) = E[(Bf7)P].

Novikov and Valkeila (1999) extended the above result for a fractional Brownian motion

indexed by a stopping time.

Theorem 2.2: Let 7 be a stopping time with respect to the natural filtration F generated
by the fBm B. Then, for any p > 0, and H € (%, 1), there exist positive constants c(p, H)
and C(p, H) depending only on p and H such that

(2. 2) c(p, H)E(r") < E[(B:")P] < C(p, H)E(r*")



and, for any p > 0, and H € (0, %)7

(2. 3) E[(BF)P] = c(p, H)E(r").

Muneya and Shieh (2009) obtained the following result on the moments of supremum of

the fBm BH over a bounded interval.

Theorem 2.3: (Muneya and Shieh (2009)) Let H € [3,1). Then, for any integer m > 1,

2v/2
(2. 4) E[( sup |BF))™ < eri(m — DI ifm is odd
t<s<t+r VT
and
(2. 5) E[( sup |BE)™ < r™ 2(m — 1)1 if m is even.

t<s<t+r

This result follows from the following arguments. Note that, for any non-negative random
variable X,
oo
E(X™) :/ my™ ' P(X > y) dy.
0

Hence
2V/2 [o® o0 2
El( su BH)™ < —/ mm_I/ e /2 del d
[( sup [Bi])™] Ty T [T_Hy | dy

t<s<t+r
2\/5/00 ey /THJC 1
= — e * my™ " dy] dx
7 b L), my™ T dy]

= er% /OO:L‘me_g”Q/2 dx
VT Jo

The result stated in Theorem 2.3 follows from the following relations:
(2. 6) / 2" /2 dg = (m — DMif m is odd
0

and
(2. 7) / aMe "2 dy = \/Z (m — 1)!Mif m is even
0
(cf. Gradshteyn and Ryzhik (2000)). For more details, see Muneya and Shieh (2009).



Debicki and Tomonek (2009) obtained bounds on the y-th moment of B4 for v > 0 and
T > 0. Let

2. 9) Kr(H.y) = E[(Bi")] = E[ swp |B{']'].

From the self-similarity of the fBm, it follows that

(2.9) Kr(H,~) = T"EK\(H,7).

Theorem 2.4: (Debicki and Tomanek(2009)) Let v > 0 and H € (0,1).

(i) If 0 < H < &, then

1 v+1

2.1 Kp(H,~) >T"H _—_o/2p L2

(2. 10) T(H,v) > NG ( 5 )
and

(i) if 3 < H <1, then

1 v v+1 I 2 7+1

2. 11 TH —_9s1(L—2) < Kp(H,~) < T"H ——o2H1p (L),
( ) \/77, 2 ( 92 )_ T( 7’7)— ﬁ 2 ( 2 )

Theorem 2.4 is a consequence of the following result, again due to Debicki and Tomanek

(2009), for centered Gaussian processes.

Theorem 2.5: Let X(0) =0 a.s, and X = {X(¢),t > 0} be the centered Gaussian process
with stationary increments and continuous strictly increasing variance function Var(X(t)) =
a(t).

(i) If the function 02(t) is sub-additive on [0, 7], in the sense that

o2(t) < o*(s)+ o (t—s),0<s<t<T,

then

1 v+1
(2. 12) E([OilngX(t)P) > [UQ(T)]WFWQF(T)
and

(ii) if the function o%(¢) is super-additive on [0, T, in the sense that

o2(t) > o(s)+ o2(t—5),0< s <t < T,

10



then

(2. 13 B( swp X(0)]) < [0

v+l

2)'

We include a modified version of the proof from Debicki and Tomanek (2009) for com-

pleteness.

Proof: (i) Suppose the function o%(¢) is concave on [0, T]. Let {W (t),t > 0} be the standard
Brownian motion. Define the stochastic process Y (t) = W(o%(t)),t > 0. Then the process
Y ={Y(¢),t > 0} is a centered Gaussian process with

Var(Y(t)) = Var(W(o%(t))) = 6%(t) = Var(X(t)),0 < t < T.

Furthermore, from the sub-additivity of the function ¢%(.) on the interval [0, 7], it follows
that

Var(Y(t) = Y(s)) = Var(W(o*(t)) — W(o*(s)))
o?(t) — o*(s)

o?(t — s) (by the sub-additivity of the function ¢(.))

IN

= Var(X(t) — X(s)) (by stationary increments of processX)

for 0 < s <t <T. Applying the Slepian’s lemma (Theorem 1.2), it follows that
P(sup X(t)>az)> P(sup Y(t) >x)
0<t<T 0<t<T

Since

P(sup Y(t)>x)=P( sup W(t)>x),
0<t<T 0<t<o?(T)

it follows that

E([ sup X(1)]") = E([ sup W(t)]").
0<t<T 0<t<o2(T)

From the self-similarity of the Brownian motion, we get that

E([ sup W) =[o*®)]/*E(] sup W()]").
0<t<o2(T) 0<t<1

Applying the reflection principle for the Wiener process {W (t),0 < ¢ < 1}, we get that

P(sup W(t) >z)=2P(Z > x)
0<t<1

11



where Z is the standard Gaussian random variable. Hence

vy+1

5 )

B([sip WOP) = [~ 320" 20()do = fw/?r(

where ¢(.) is the standard Gaussian probability density function. Combining the above
inequalities, we get that

E([OiltlgT X(t)]’y> > [JQ(T)]V/Z\}%Q,Y/QF(,Y;_:L)

Similar arguments can be used to prove (ii) in Theorem 2.5.$

Debicki and Tomanek (2009) has assumed that the function o2(t) is concave in (i) and
convex in (ii) of Theorem 2.5. We could not justify the arguments under these assumptions
and hence we replaced ”concavity”in (i) by ”sub-additivity” in (i) and ”convexity” in (ii) by

"super-additivity” of the function o2 (t).

Proof of Theorem 2.4: In view of (2.9), it is sufficient to prove the results in Theorem 2.4
for the case T' = 1. Observe that
P[sup B >2] < P[sup |BE|> a]
0<t<1 0<t<1

< 2P[sup Bf >zl
0<t<1

An application of this inequality combined with results in Theorem 2.5 proves the lower
bound in (i) in Theorem 2.4 and the upper bound in (ii) of Theorem 2.4. The lower bound
in (ii) of Theorem 2.4 can be obtained by observing that

B[ (BEP) > F(BLT]

= UZW]

+1
— Lorep
v

5 )

where Z is the standard Gaussian random variable.<>.

The next two results give bounds on the expectations of the exponential of the supremum

for the fBm over a finite interval [0, 7).

12



Theorem 2.6: Suppose the process B is the standard fractional Brownian motion with
Hurst index H € [%, 1). Then, for any A > 0,

\272H

(2. 14) Elexp{\ sup |[BHf[}] <1+ \8rTHe 2
0<t<T

Theorem 2.7: Suppose B is the standard fractional Brownian motion with Hurst index
H € [3,1). Then, for any A > 0,7 > 0 such that \T?# < 1,

2H
2. 15 Elexp{\ sup (BF)?}] <1422 4+ 8\ —mn——.
( ) [ Xp{ OStET( t ) }] — W

Let F be the distribution function of the random variable B?H . Note that, for any A > 0,
Blexp(Bi)] = [ ¥ dF()
_ /Ooo X d(1 = F(a))
= 1+/\/Oooe)‘x(1—F(:c)) dx
= 1+ /\/0OO M P(B > x) da

Now we use the bounds on P(B3 > x) obtained earlier to get the inequality in Theorem

2.6. For details, see Mishra and Prakasa Rao (2013). Similarly we note that
Bl BiP) = [ dp()
= 1+ 2/\/0OO a:e/\xQ(l — F(z)) dx
= 142\ /OOO e P(BH > x) da

to obtain the inequality in Theorem 2.7. For details, see Prakasa Rao (2013).

3 Maximal inequalities and first passage times

Let the process BY = {BH t > 0} be the standard fractional Brownian motion with Hurst

index H. For any a > 0, define
n =inf{t >0:|B| > a}

and
¢ =inf{t >0: B >a}.

13



Let

B*j = sup |Bf|
0<t<T

and

SH = sup Bf.
0<t<T

Note that the random variables B*# and S¥ are non-negative since Bff =0 a.s.

Theorem 3.1: (Vardar (2011)) For any H € (1,1) and for any T > 0,

g it
and
T
(S#) 2 ()"
G
Furthermore

Proof : From the self-similarity of the fBm B, it follows that

{BE t >0} 2 {a”BH ¢t >0}

at»

for any a > 0. Hence, for any = > 0,

a a
P[(UTI)QH <az] = Ply' > xl/2H]
1
= P[ sup \Bf\ <1]
0<t<—/om
= P[sup [BT, |<1]

0<t<a  ol/2H

= P[sup |BY| < /z] (by self-similarity of the process BY)
0<t<a

— P(BHY <),

Hence

Similar arguments show that



Furthermore, for any = > 0,
P(sup |BH|<\x) = P(sup BY <z and inf BY > /)
0<u<a 0<u<a O0<u<a
< P(sup Bl <)

0<u<a

= P((8;)* <2).

Therefore, for any x > 0,

P((SI)? < x) P((%)QH_@
and hence
(3.1) Bl(sH)?] = aQHEK;l)QH]

= o2 /OO E(efxC%H) dz
0

from the elementary observation that for any positive random variable Z,
1 0 7
E(=) = / E(e"%)da.
Z 0

It is known that, for any H > %,

E[e—ACgH] < e—a\/ﬁ

for every A > 0 and a > 0 (cf. Decreusefond and Nualart (2008)). Applying this inequality
in (3.1), we get that
o
E[(B*)? < a2H/ e V2dy = ?H
0

As a corollary to Theorem 3.1, it follows that F(B*) < o and E(SH) < a¥ by the
elementary inequality [E(Z)]? < E[Z?]. Furthermore,

o

PB*T > 1) < —

and
H

for any a > 0 and x > 0 by the Chebyshev’s inequality.

15



Results discussed above are due to Vardar (2011). An improved upper bound for P(SH >
x) was also obtained in Vardar (2011). It was shown that

H

T/

P(SH > 2) < ya> 0,2 > 0.

and hence, for any a > 0,

(3. 2) E(S) < Qaff.

LS

Michna (1999) studied the asymptotic behaviour of the tail probabilities and first passage

times for fractional Brownian motion B, H € (%, 1) with linear drift.

4 Maximal Inequalities Leading to Lower Bounds

We now discuss some maximal inequalities leading to lower bounds for functionals of the fBm.
An important inequality which was found to be useful in such discussions is the Khatri-Sidak
inequality proved in Khatri (1967) and Sidak (1967, 1968). Jogdeo (1970) and Schechtman
et al. (1998) gave simplified proofs of the result.

Theorem 4.1: (Khatri (1967); Sidak (1967, 1968)) If (X,...,X,) is a centered Gaussian

random vector, then

. i < > < i <
(4. 1) P(max | Xi| < 2) > P(1X3] < 2) P(max |.X] < z)

for any z > 0.

Repeated applications of Theorem 4.1 show that

(4. 2) P(max |X;| <z) > 11, P(]X;| < )
1<i<n

for any centered Gaussian random vector (X1, ..., X,). Shao (2003) showed that
(4. 3) P(max |X;| < 1) > 27 ™=k pimax |X;] < 1) P( max |X;| <1)

1<i<n 1<i<k k+1<i<n

for any 1 < k < n. Li (1999) proved the following general result.

Theorem 4.2: Let u be a centered Gaussian probability measure on a separable Banach

space E. Then, for any 0 < A < 1, and any symmetric convex sets A and B contained in F,

(4. 4) P(X €AY € B) > P(X € M) P(Y € V1 - A?B)

16



for any centered jointly Gaussian vectors X and Y in FE.

Suppose {X;,t € T} is a centered Gaussian process. As a consequence of the Khatri-Sidak

inequality, it follows that
(4. 5) Psup|X,| < 2, Xio| < @) > P(1X,| < ) P(sup X, < o)
teA teA

for every subset A C Tty € T and x > 0. If there is a countable set J and a Gaussian process
Y indexed by the set J such that

[sup |[Yy| < z] = [sup |X;| < 2],

teJ teT
then

P(su%) | X¢| < z) > e s P(|Y] < ).
te

Li and Shao (2001) discuss lower bounds for small ball probabilities for general Gaussian
processes extensively. We discuss special cases dealing with the fBm in some detail. Shao
(1999) obtained the following correlation inequality for a fBm B! : there exists a constant
dg > 0 such that,

P(sup |Bf| <, sup |Bff = Bl| <y)
0<t<a 0<t<b

> dyP(sup |B{'| <z)P(sup |Bf —BI| <y)
0<t<a a<t<b

for any 0 < a < b,z > 0,y > 0.

The following result due to Csorgo and Shao (1994) and Kuelbs et al. (1995) gives a

lower bound for centered Gaussian processes.

Theorem 4.3: Let the process {X(¢),0 < ¢t < 1} be a centered Gaussian process with
X (0) = 0. Suppose there exists a function o?(h) such that

E|X(s) = X(1)]* < o(|t — s)
and there exists constants ¢, ¢y such that 0 < ¢; < ¢y < 1 and
c1 o(min(2h,1)) < o(h) < co o(min)2h, 1)
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for 0 < h < 1. then , there exists a positive constant K depending on ¢; and ¢y such that

(4. 6) P(sup [X(t] < 0(9)) 2 e

The following example, due to Lifshits (1999), indicates the methods involved in obtaining

upper and lower bounds for small ball probabilities.

Let H > 0 and {¢;,7 > 0} be independent standard Gaussian random variables. Consider
the function f(t) =1 — |2t —1|,0 <t < 1 and let {u} denote the fractional part of any real

number u. Let

(4. 7) X(1) = ot + 32 F s f({21)),0 <1 < 1.
=1

It can be seen that the process {X(¢),0 < ¢t < 1} is a centered Gaussian process with
E|X(t) — X(s)]?> > c|t — s|*,0 < s,t < 1 for some constant ¢ > 0. . Note that

P(sup [X(H) <e) = P 27| <e)

ost<l i01
P(jgi| < e2'H2(1 = 2972) i > 0)
= T2, P(j¢] < e272(1 - 2772))

> exp(—k1 log(2))

€

Y

for some positive constant k1 > 0. On the other hand,

P(sup [X(t)| <e) < P(sup|X(27%)[ <)
0<t<1 k>2

k—1
P(sup| Y27 Hy2- 7D <)
k22 =1

P(sup x| < 262kH)
E>2

IN

IN

2y P(|ipg < 2628

exp(—kzlog?(+)))

€

IA

for some positive constant ko > 0.

The following result is an application of Theorem 4.3 (cf. Monrad and Rootzen (1995);
Shao (1993)).

18



Theorem 4.4: Let the process B be the fBm with index H € (0,1). Then there exists
constants 0 < K7 < K9 < oo depending only on H such that, for every 0 < e <1,

(4. 8) —Kye V' <log P(sup |Bff| <€) < —Kje VA,
0<t<1

Similar results for some functionals of the fBm were obtained in Kuelbs et al. (1995) and
Li and Shao (1999, 2001).

Let .
YtH:/ Bids,0<t<1.
0

Li and Shao (2001) proved that there exists constants 0 < K; < Ky < oo depending only on
H such that, for every 0 < e <1,

(4. 9) —Kae YU+ <og P(sup V| <€) < —K e V/U+H),
0<t<1

The following result due to Li and Linde (1998) and Shao (2003) gives the exact rate of

convergence for small ball probabilities for fractional Brownian motion.

Theorem 4.5: Let B = {B}! t > 0} be the fBm with Hurst index H. Let

Wir(t) = /0 (= ) CHD 2w (s)

where {W(t),t > 0} is the standard Wiener process. Then

(4. 10) lim ¢/ log P( sup |Bf| <)
e—0 0<t<1
= lime/Hlog P(sup |Wy(t)| < Vame)
e—0 0<t<1

where 0 < cg < o0,
o= - 4 /0 (1— §)@H-D/2 _ (_gH-1/2)2 g
oH )

and
0.08 1/ 10 g
)" << g

f0r0<H<%.
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Kuelbs and Li (2000) obtained the following related result.

Theorem 4.6: Let B = {B}! ¢ > 0} be a fBm with Hurst index H € (0,1) Let p(.) be a

non-negative bounded function on [0, 1] such that [p(¢)]"/# is Riemann integrable on [0,1].
Then )
(4. 11) lim 2 log P( sup |p(t)BF| < ¢) = —cx / (O]  dt

=0 0<t<1 0

where cp is as defined in Theorem 4.5.
Talagrand (1996) obtained the following integral test for the fBm.

Theorem 4.7: Let B = {BH ¢t > 0} be a fBm with Hurst index H € (0,1). Let a(.) be a
(t)

non-decreasing function such that the function % is bounded over the interval (0, c0). Then

P( sup |BH| < a(t) infinitely often)
0<s<t

is zero or one according as

| e ator ) at

is convergent or divergent. Here ¢(h) = P(supg<,<; |BZ| < h).

Kuelbs and Li (2000) proved a Wichura type functional law of iterated logarithm for a
fBm.

Let BY = {B}! t+ > 0} be the fBm with Hurst index H € (0,1). Let

B} = sup |BY|
0<s<t

and
My
(egn?H [ loglogn)l/2

where cy is as given in Theorem 4.5. Let M be the class of non-decreasing functions f :

Hy(t) =

[0,00) — [0,00) with f(0) = 0 and which are right continuous except possibly at zero. Let

Ko={feM: [ CIp@ A < 1),

Let the set M be equipped with the topology of weak convergence, that is, pointwise con-
vergence at all the continuity points of the limit. Kuelbs and Li (2000) proved the following

Wichura type functional law of the iterated logarithm.
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Theorem 4.8: (Kuelbs and Li (2000)) The sequence {H,(t)} is relatively compact and the
set of all possible subsequential limits of the sequence {H,(t)} in the weak topology is the
set K.

Related results on increments of the fBm are discussed in Li and Shao (2001) in a survey

on inequalities for Gaussian processes.

5 Limit theorems for Maximal Inequalities for fBM with Poly-

nomial Drift

We will now discuss some limit theorems for some maximal inequalities for a fBm with Hurst

index H € (3,1) with polynomial drift. Results discussed here are from Prakasa Rao (2013).

Theorem 5.1: Suppose a > 0,6 > 0. Then, for any k£ > 1,

2 H k 2
a” k - log P(supy<i<7[B;” + at"] < da) a
51 % (Bew/ek-am_H s <t< <@
6. 1) —5(57) g = lmsup T2k—2H =73
For H = %, the process B is the Brownian motion and the result in Theorem 5.1

generalizes Theorem 2.2 in Li (2010) for the case of the Brownian motion.

Let g(t) = apt® + ap_1t*~' 4 ... 4 a1t be a polynomial of degree k with a; > 0. As a

corollary to Theorem 5.1, we can obtain the following result.

Theorem 5.2: Suppose z > 0. Then, for any k& > 1,

log P(supo<ecr (Bl +9()] <o) _ a*

a? k 2k/(2k—2H
(5' 2) _7(7) / ) TQk,QH = 92

5 (77 < limsup

k — T—o0

Applying the result in Theorem 5.2 for the process —B* which is again a fBm with Hurst

index H, the following result follows.

Theorem 5.3: Suppose z > 0. Then, for any k£ > 1,

a? k _ H ) log P(info<i<r[Bff — g(t)] > —2) a?
(5. 3) ——(==)2/Ck=2H) _Z__ < Jimsup —t—T%jQH <5

2 (H k — T—o0
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We now discuss some other results dealing with the supremum of a fBm B¥ on the

interval [0, 7).

Theorem 5.4: Let a > 0,0 > 0 and T > 0. Then

5. 4) i log P(supOStST(UB{{ + at) > da) a?
- o 5 <5

Duffield and O’Connell (1995) proved that,

. co9(1—H) H e - (et a)?
(5. 5) lim ¢ log P(sup(B;" —at) >J) =—infc .
§—o0 £>0 c>0 2

This result deals with the tail probability of the supremum with linear drift over an infinite
horizon. Debicki et al. (1998) proved that, for H € [%, 1),

g)2H( 1 )272H'

(5. 6) lim 620~ 1og P(sup(Bff —at) > ) = 1 -

d—00 t>0 2(H

They have also studied the asymptotic behaviour of the tail of the distribution function

P(igg(Z(t) —ct) > x)

as © — oo when the process {Z(t),t > 0} is a fractional Brownian motion or a nonlinearly
scaled Brownian motion or a specific integrated stationary Gaussian process. This result
generalizes the earlier work of Norros (1994) and Duffield and O’Connell (1995). Their
results deal with processes with linear drift. Michna (1998,1999) studied the asymptotic
behaviour of tail probabilities of the supremum of a fractional Brownian motion with linear

drift over a finite time interval.

Theorem 5.5: Let a < 0,0 > 0 and 7' > 0. Then

5.7 lim inf log P( sup (eB + at) < —6a) > —1.
(5.7) Bl —pooslos P(sup (0B +at) < —da) >

Theorem 5.6: For any k£ > 2,a >0 and T > 0,

_log P(supgeier(oBf + atk) > 6a) a?
(5. 8) lim == =— :
d—o0 52 2T2H
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The next result extends the results obtained above for polynomial drift.

Theorem 5.7: Let g(t) = apth + ap_1t* "1 + ... + a1t with a; > 0. Then, for any T > 0,

(5. 9) i 108 Plupocier(B +9(t) 22) 1
. T—00 xg = 2T2H

6 Limit Theorems for Maximal Inequalities for Increments of

Fractional Brownian Motion

Let the process B be the fractional Brownian motion with Hurst index H € (0,1) with
B{f = 0 a.s. From the self-similarity of the fBm B and from the fact that the increments

of the process B are stationary, it follows that, for any r > 0,

A
sup [Bf' —BJ!| = sup |B' - B{|

s<t<s+r 0<t<r
= sup |BH| as
0<t<r
£ ! sup |Bf|
0<t<1
and hence, for any x > 0,
(6. 1) P( sup |BE —BH|>uz)=P(sup |BE|>rHz).
s<t<s+r 0<t<1

In view of the above equation, it is possible to obtain maximal inequalities for the incre-
ments of the process fBm from the results discussed in earlier sections. However there are
some other results which need additional arguments. We will now discuss such results. Let

I = inf BE,
0<s<t

St = sup BY,
0<s<t

RH = gH _ 1

and

vl = sup (BE —BH) = sup ( sup (B — BH)).
0<u<ov<t 0<v<t 0<u<wvw
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Let

V= st Bl
for any a > 0. Vardar (2011) proved that, for any y > 0,

yvT

Caglar and Vardar (2012) proved the following theorem.

(6. 2) PYE <y)>1

Theorem 6.1: Let B be the fractional Brownian motion with B{' = 0 a.s. and H € (%, 1).
Then, for any a > 0,y > 0,

(6. 3 P < Bl < 2O

and

(6. 1) P > y) < P(RY > ) < fo:
Let

XH = sup (BE - BH) v >0.

v
0<u<v
The process X is called the loss process. It is self-similar and the random variable Xﬁ
has the same distribution as the random variable SX. This observation follows from the

self-similarity of the fBm and the fact that the f{Bm has stationary increments.

Theorem 6.2: For any = > 0,
"
Py > x) > Q)(t—H)

where ®(z) =1 — ®(x), —0co < ¥ < oo and ®(.) is the standard normal distribution function.

The result stated above can be proved by the following arguments.

Proof of Theorem 6.2: Note that, for 0 < v <,

P(XH >z) = P(0222v35>$)
> sup: ;(Bf>x)
0<u<v
i
= e, )
= o).
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Hence

Pl >z) = P(sup X'"> )
0<v<t
> sup P(X"> 1)
0<v<t
> sup (%)
u Bl
N ogvl[g)t vl
_
= ‘Mﬁ)
As an application of Theorem 6.2, we see that
1 . 1
(6. 5) liminf — log P(v;" > z) > lim — log @( 7) =

00 2 r— “3$2 2t2H”

Using the second inequality in Theorem 1.4, it can be shown that, forx >n=FE [supogugvgt(Bf —
B,

Pl >z) = P( sup (BE —BH)> )
0<u<v<t
_1(e=n)?
< 2e 2 2H
Hence
log2 1 (z—n)?
(6. 6) hu}gsgpflog Pl 22) < lim] 5 T 3 opH
1
pu— —t27H,

Combining the above results, we have the following result due to Caglar and Vardar
(2012).

Theorem 6.3: Let BY be the fractional Brownian motion with index H € (%, 1). Let

vi' = sup (B - B]).
0<u<v<t
Then, for any ¢t > 0,
1
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Let Y, = py + 0Bt > 0 where —0o < p < oo and o > 0. The process Y is the

fractional Brownian motion with linear drift. Let

W= sup (Y, -Yv.
0<u<ov<t

Caglar and Vadar (2012) proved that, for any ¢ > 0,

1
(6. 8) lim —

z00 2

1

The maximum loss of a stochastic process {X;,0 < s < ¢t} over an interval [0, ], is defined
to be

sup (X, — X,).
0<u<v<t

Caglar and Vardar-Acar (2013) obtained bounds and asymptotic results on the distribution
of maximum loss of the the standard fBm B with drift when H € (1/2,1). . Let

YH =ut+oBE t >0,

I = inf Y >0,
0<v<t

s — sup Y t >0,
0<v<t

Rfl’” _ S{J’“ _ ItH’“,t >0,

Lt = sup (Vv —v7)t >0,
0<u<t

and

Mff = sup (Y,—Y,),t>0,

0<u<v<t
Since the fBm is self-similar and has stationary increments, it can be shown that the

LILO

process is self-similar and the random variables L0 and S0 have the same distribution

for every v > 0. The following result is due to Caglar and Vardar-Acar (2013).

Theorem 6.4: For the fBm with Hurst index H € (1/2,1), drift u € R, and ¢ > 0,

\/EatH

. H, H,
NG + min(p, 0)t < E(M, ") < E(R, ") < ———
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and
2v/ 20t N ||t

L (o4 pt)(0t")) < PO > 2) < PRI > ) < =9+

for x >0 and t > 0.

Kuelbs et al. (1995) obtained the following result dealing with increments of the fBm.

Theorem 6.5: (Kuelbs et al. (1995)) Let B be the fractional Brownian motion with Hurst
index H € (0,1). Let 0 < 8 < H. Then there exists 0 < K1 < Ky < oo depending only on H

and S such that, for all 0 < e <1,
B — Bf|

(6. 9) Ky V=9 < log P sup BB ¢ o g mvit-n)
o<si<1t |5 —tf

Li and Shao (1999) proved a related result dealing with integrals of increments of a fBm.

Theorem 6.5: (Li and Shao (1999)) Let B be a fractional Brownian motion with Hurst
index H € (0,1). Let p > 0,0 < g < 1+ pH,q # 1. Then there exists 0 < K; < Ky < 00
depending only on p,q and H such that, for all 0 <e <1,
|BX — BH|p
(6. 10) —Kse % <log P/ / EFE TR 1B =B/ dtds < ¢) < —Kje?
S —_—

1

Where 9 = m(o’q_l)

7 One-sided Exit Problem for fractional Brownian Motion

We now consider the one-sided exit problem for the fractional Brownian motion. This deals
with the study of lower tail probabilities of the supremum of the fractional Brownian motion

over finite time interval (cf. Li and Shao (1964)).

Let B¥ = {B},t > 0} be the fractional Brownian motion with index H € (0,1). Let

SH — sup BH
0<t<T

and
¢ =inf{t>0: Bl >a},a>0.

From the self-similarity of the fBm B, it follows that

€T
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Hence the study of asymptotic limit of P(SH < x) as T — oo for fixed z is equivalent to
that as  — 0 for fixed T'. It is obvious that

P(SH <a)=P(H > 1),

Sinai (1997) showed that the distribution of the random variable ¢!’ has a probability density
function p(.) and, for H > %,

p(T) < Constant (2H — 1)TH 200
for T large where |b(H)| < Constant (2H — 1). Molchan (1999, 2000) proved that

Tf(lfH)efk\/log T < P( sup B;I < 1) < Tf(lfH)ek\/log T
0<t<T

for some positive constant k and T large. In a recent work, Aurzada (2011) proved the

following result.

Theorem 7.1: Let {B}?,t > 0} be the fBm with index H € (0,1). Then there is a positive
constant Cir depending on h such that, for large T,

(7. 1) 7= (log T)=%% < P( sup B <1) <1 U= (log T)CH.
0<t<T

It can be shown that the constant Cy in the lower bound is greater than ﬁ and the
constant Cpr in the upper bound is greater than % — 1. Since the process B is self-similar,

the result in Theorem 7.1 can be generalized to the lower tail of the supremum of the fBm.

Theorem 7.2: Let {B}1,t > 0} be the fBm with index H € (0,1). Then there is a positive

constant Cir depending on h such that, for small € > 0,

(1—H) (1—H)
(7. 2) e |log €] %% < P(sup BY <e)<e 7 |log e
0<t<1

|1

Li and Shao (2004) proved that

1
(7. 3) — lim ~log P( sup e " BH <0)=dy
T—oo T 0<t<T

exists, and , as x — 0,

(7. 4) P(sup B <) = g?dn/2H+o(1)
0<t<1
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Results in Molchan (1999, 2000) show that dy = 1 — H. Unilateral small deviations for
some processes related to the fBm are discussed in Molchan (2008). Li and Shao (2004)

obtained the following result on the lower tail probability for the supremum of the fBm.
Theorem 7.3: Let BY be the standard fBm. Then the limit

1
(7.5) p(x) = lim —log P( sup BY <)
T—oo T 0<t<T

exists for every x. Furthermore the function p(.) is left-continuous and
1
(7. 6) p(x) = sup —log P( sup BF < ).
T>0 0<t<T
Since E(B{BH) > 0 for t > 0, Slepian’s lemma is applicable and it implies that

P( sup BE<z)>P(sup Bf<z)P( sup B <uz)
0<i<Ti+T> 0<t<Th T <t<T1+T>

for all T1,T5 > 0. From the stationarity of the process, it follows that

P( sup Bf <z)=P( sup Bl <uz).

Ty <t<Ti+T» 0<t<Ts
Hence
P( sup BHE<z)>P(sup B <z)P(sup B <uz)
0<t<Ti+T> 0<t<Ty 0<t<T»
or
(7.7) log P( sup B <z)>log P( sup B <z)+log P( sup B <)

0<t<Ti+T2 0<t<Ty 0<t<T»
for all 71,75 > 0. Existence of the limit function p(.) follows from (7.7). Left-continuity
of the function p(z.) follows from the fact that p(.) is non-decreasing and that the function
P(supy<;<7 Bf! < ) is continuous in z for every t. The representation given by (7.6) is again

a consequence of the inequality proved in (7.7).{

Baumgarten (2011) studied the asymptotic behaviour of the probability that a stochastic
process {Z;,t > 0} does not exceed a constant barrier up to time 7" when Z is the composition
of two independent processes {X;,t € I} and {Y;,t > 0}. Baumgarten (2011) proved the

following theorem.

Theorem 7.4: Let the process { B}, —0o < t < 0o} be the centered fBm with Hurst index
H € (0,1). Let {Y;,t > 0} be a self-similar process with Hurst index A > 0 with continuous
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paths. Suppose that, for any 0 < n < 1,

E[(sup V)7 < o0

0<t<1
and
— 3 -n
El(= inf Y))7"] <oo.
Then
(7. 8) P(sup X(V;) <1) =170
0<t<T
as T — oo.

Remarks: Note that the rate of convergence in the equation (7.8) depends only on A but

not on H.

Consider the standard fractional Brownian motion {B}?,¢t > 0} with Hurst index H €

[0, 1]. Define the storage process

Y(t) = sup(BY — B — c(o — 1))

o>t

where ¢ > 0 is a given constant. The process {Y(¢),t > 0} is stationary and

P(Y(0) > u) = P(igg(BfI —ct) > u).

Asymptotic behaviour of the tail distribution of the process Y was studied in Duffield and
O’Connel (1996), Norros (1997), Narayan (1999) and Husler and Piterbarg (1999). Narayan
used Fourier representations of the Brownian motion and fBm and and a similarity of their
geometric properties. Husler and Piterbarg (1999) used another method called Double sum
method (cf. Piterbarg (1999)). For detailed results, see Piterbarg (2001).

For any two given constants ¢ > 0 and 7 € [0, 1], define a new process {.J,(t),t > 0} by

(7. 9) J,(t) = B —ct —~ ir[hft](Bf —cs),t > 0.
se|0,

The process {J5(t),t > 0} is called as a y-reflected process with the fBm as input since it
reflects at rate v when reaching its minimum. If v = 1, then the process Jj is called the

workload process or queue length process (cf. Awad and Glynn (2009)). In risk theory, J, can
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be interpreted as a claim surplus process since the surplus process of an insurance portfolio
can be defined as
— H Hy _
Uy(t) =u+ct—B;" —~ sup (s — B)') =u—Jy(t),t >0
s€[0,t]
for any initial reserve v > 0. The process {U,(t),t > 0} is called the risk process with tax
payments of a loss-carry-forward type (cf. Asmussen and Albercher( 2010)). Hashorva et al.
(2013) studied the tail asymptotic behaviour of the process M, (t),t > 0}, where
M(T) = sup Ji (1)
t€[0,T]

for T' € (0, 00]. Husler and Piterbarg (1999) considered the case 1" = oo. Debicki and Rolski
(2002) and Debilcki and Sikora (2011) studied the results when 7" € (0, 00). It is known that

M;(t) = oo as t — oo almost surely (cf. Duncan and Jin (2008)). For a complete discussion

on these results, see Hashorva et al. (2013).
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